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This paper develops a general model for equity volatility when the firm is financed
by equity, debt and any other financial instruments like warrants and convertible
bonds. The stochastic nature of equity volatility is endogenous and comes from the
impact of a change in the value of the firm’s assets on the financial leverage. We first
present the basic model to value corporate securities, which is an extension of the
Black—Scholes model. Then, we are able to propose an analytic approximation for
equity volatility, which is shown to be extremely precise. Finally, we study the
behaviour of equity volatility when the firm is financed by equity and debt.

THE ROYAL A
SOCIETY

1. Introduction

Although the Black—Scholes (1973) model (Bsm) is very popular to price equity
options and other complex derivative securities, its normative and theoretical
requirements are very restrictive. One of the major assumptions needed to derive the
BSM is that the value of the underlying asset follows a stationary geometric brownian
motion with constant variance. However, for any non-pure equity firm the variance
of equity quite probably will not be stationary. Because the volatility of equity is
non-stationary, it cannot be used as the underlying asset in Bsm for pricing
contingent liabilities of the firm or any other derivative. The study of the behaviour
of the volatility function for equity will lead to better approximation methods.

In this paper we study the behaviour of equity volatility when its stochastic
nature is endogenous and stems from the impact of a change in the value of the
firm’s assets on the financial leverage. In the next section we present the basic model
to value corporate securities. Then, in the third section, we are able to propose an
analytic approximation for equity volatility which is shown to be extremely precise.
Finally, in the fourth section we look at the behaviour of equity volatility, when the
firm is financed by equity and debt.
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5 2. The basic model

4 ﬁ Consider a firm whose total asset value V(¢) is solution of the Black—Scholes risk-
250 @) neutral stochastic differential equation,

Eg Av/V = rdt+adz, (1)

where 7 is the continuously compounded risk-free rate of interest which is assumed
to be a constant, &2 is the instantaneous variance of the return on the asset, which
is also assumed to be a constant, ¢ is the current time and z is a standard Wiener
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process. V(t) according to equation (1), is assumed to follow a stationary log-normal
distribution with a constant variance such that the discounted price is a martingale.
The focus in this paper is on the behaviour of equity volatility when the firm is
financed by debt and equity. The model can be extended to more complex capital
structures which, for example, include warrants like in Crouhy & Galai (1994) and
Bensoussan ef al. (1993). V(¢) is the only exogenous source of risk, but it is generally
unobservable and non-traded. Indeed, several components of the firm’s capital
structure, such as bank loans are not traded on an exchange.

Whenever the assets are financed by equity and additional sources of funds like
debt, the stochastic processes for the value of the assets V(t), and of equity S(t), do
not coincide. However, developing pricing models in tem of S(¢) as the underlying
asset does not allow the use of Bsm anymore because the stochastic process for S(t)
violates the constant volatility assumption.

Our basic hypothesis is that there exists a deterministic functional relation
between S(f) and V(¢), namely

S(t) = S(V(t), 1), (2)

that implies that S(t) follows a markovian process. Moreover, we assume that there
iIs no arbitrage opportunity so that the function S(V,t) satisfies the traditional
Black—Scholes partial differential equation (PDE),

—8,—37*V2Sy, — 1V Sy +78 = 0. (3)

To complete the characterization of S(V,t), for t < 7, it is sufficient to specify the
value of S(V,T) at time 7T'. At this stage it is left as a parameter with the condition
S(V,T) = 0, so that for any ¢, ¢t < T, S(V,t) > 0 and = 0.

The only restriction we impose is that we can inverse the function S(V,t), which
means that equation S =S(V,¢) has a unique solution V = V(S,¢). Actually in a
levered firm, equity is a monotonic convex function of V, and as a consequence this
restriction is satisfied. (In what follows the same notation S or V will be used for an
independent argument as well as for the function S(V, ) or V(S, t). Although this may
be a source of confusion this preserves the mnemonics.) From the implicit function
theorem, we know that the local existence and uniqueness of V(S,t) at any point
(Vs,8,) such that S, = S(V},t) is guaranteed, provided the derivative S, (V},¢) is not
equal to zero. In practice, this is not a very stringent assumption since we expect the
value of equity to grow with the total asset value. In fact, from (3) the possibility
that Sy, (V,t) = 0 can occur only at isolated points, unless S(V,t) does not depend at
all on V. Then, the following identity holds:

S =8(V(8,t),t) for all S in the domain of V(S,¢), (4)
and as a consequence, we also obtain
V'=V(S(V,t),t), for all V in the range of V(S,t). (5)

By differentiating (4) we get

From the assumptions concerning the stochastic process of V(f) and using It6’s
calculus, it can be shown that the return on equity follows a diffusion described by
the following stochastic differential equation

dS/8 = rdt+ o de, (6)
Phil. Trans. R. Soc. Lond. A (1994)
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where o denotes the instantaneous volatility of the return on equity, such that

V(S,t) o V(S,t)

0 = 0(8,0) = Sy (V(S,0), 1) =~ = STy (7)

Therefore, the value of equity S(f) follows a model similar to V(f) except for its
volatility which is no longer a constant, and is precisely given by the function o(S, )
as specified in (7) where the argument S has to be replaced for the value of the
process S(t). (For a proof, see Bensoussan et al. (1993).)

It is also useful to introduce &, the volatility of S as a function of V, while o denotes
the volatility of S as a function of S.

& =F(V,t) =8, (V,t) V/S(V,1). (8)

We then have the correspondence

{O‘(S, t) = a(V(S,1),t), (9)

o(V,t) = a(S(V,¢),1).

This property will be useful in the next section to derive an analytic approximation
for equity volatility as a function of the stock price.

We observe that when V is the underlying variable, & the volatility of the return
process for V appears in the no-arbitrage equilibrium condition (3) for any asset price
S(V,t). If instead we consider S as the underlying variable, the condition for no
arbitrage equilibrium for the value function V(S,¢) is, as the next lemma shows, the
solution of a Black—Scholes type ppE similar to (3), except the volatility term is
o = o(S,t), as defined by (7).

Lemma 2.1. The function V(S,t) defined as the inverse of S(V,t) is solution of the PpE
—V,—302 82 Vg —rSVy+rV = 0. (10)
Proof. By differentiating equation (4) twice with respect to S, we obtain
1=8,Vs sothat S,=1/V,
0 = VgsSy+ (V5)2Syy,, which gives S, =—Vss/V3.

Then, differentiating (4) with respect to time, it follows that S, = =8, V.
Replacing in equation (3) S,, S, and Sy, by the above terms and rearranging them,
we obtain (10). O

3. Approximating equity volatility

In this section we first show that the functions o(S,¢) and ¢(V,¢) are solutions of
nonlinear ppEs for which there is no closed-form solution and which are quite
complex to solve numerically. However, we are able to derive analytic approxi-
mations which are shown to be very accurate. (To the knowledge of the authors,
this is the first time that PpEs for the volatility measures (11) and (12), appear in the
option pricing literature.)

Proposition 3.1. o(S,t) satisfies the PpE,
—0,—30°S0 55— 05 S(r+0%) =0, (11)

Phil. Trans. R. Soc. Lond. A (1994)
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and G(Vt) is the solution of the PDE,
—6,—30 V6, — 6, V(r+a66) = 0. (12)

Of course, the boundary values for o(S, T') and &(V, T) have to be specified in order
to solve (11) and (12). They follow from (7) and (8) when V(S,T") and S(V, T') are made
explicit. The proof is given in Appendix A.

(a) Approximation of the volatility function

Equation (11), which defines equity volatility o(S,), is strongly nonlinear. Not
only does it not have any analytic solution, but it is difficult to solve numerically. In
this section we propose a very accurate analytical approximation for (S, ¢).

We first introduce the functions:

0(S,t) = 8. (a(S,t)y—a), OV, t)=8(V,t).(6(V,t)—). (13)

We next show that 6 and 0 are solutions of Black-Scholes PpEs similar to (10) and
(3), respectively, although the boundary conditions are obviously different.

Proposition 3.2.
—0,— 3080 55— 05 Sr+10 = 0, (14)

—0,—12V0,,, — 0, Vr+r0 = 0. (15)
The proof is straightforward.
To simplify (14) further so that we keep only one unknown, 0, instead of two, ¢ and
o, we replace in (14) o by its definition (13) in term of 0, i.e.
o=+ (0/8). (16)

Now, consider the function 6(S, {) which should not be confused with (S, t), as by the
correspondence law (9), we have:

0(S,t) = G(V(S, 1), 8) # 6(S, 1),
(8, t) = 0(S(S, 1), t) # O(S, t).
If in (15) we replace the argument V by S, then (S, ¢) is solution of the equation
—0,—1528%0 34— O Sr+10 = 0. (17)

But then (17) can be viewed as (14) after o has been replaced according to (16) and
the term in /S has been deleted. This argument provides a first intuition of why
0(S,t) (solution of rpr 17) might be a good approximation of 6(S,t). We formally
justify this approximation in the next subsection. However, to solve (17) we need to
specify its boundary condition at time 7', which from (9) and (13) can be written as

6(S,T) = 6(S(S, T, T).

However, it is generally the case that for any value of S, S(S, T") # S, so that 6(S, T') #
O(S(S,T),T). If it is more convenient to compute (S, 7)), it may be tempting to
take as an approximation of 6(S, ) the solution of (17) with the boundary condition
0(8,T) instead of 6(S,(S,7),T). It may happen (this is precisely the case of equity
volatility in a firm financed by equity and debt) that 0(S,7T) and 6(S(S,T),T)
coincide although S # S(S, T for all S.

Phil. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

e

P

\\ \\

{

A

,/\\
AN

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

'am \

A
y 9

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Stochastic equity volatility 535

If we take 6(S,t) as an approximation of 6(S,t), from (13) the corresponding
approximation for o(S,t) is

o¥(S,) = 7 +[0(S,1)/S]. (18)
This is not ¢(S,¢). In fact, from (13) we obtain
a*(S,t) = G+8(S, £)(6(S, ) — 7) /8. (19)

Note that 6(S,t) and 6(S,t) are not small in general. However, the term 6(S,¢)/8 is
small for large values of S, in particular when 0(S,¢) is bounded so & is already an
approximation of o(S,¢), but o*(S,¢) is shown to be a much better approximation
which is, for practical purposes, extremely accurate.

Indeed, the approximation error for equity volatility is

o*(S,t)—a (S, 1) = [0(S,t)—O(S, 1)]/S, ‘ (20)
and therefore, if the approximation of 6(S,t) by (S, t) is accurate, the approximation
of o(8,t) by o*(S,¢) is even better by the factor 1/S. On the other hand, the error
when we approximate o(S,¢) by & is 0(S,¢)/S, which is much larger than (20).

(b) Justification of the approximation of 6(S,t) by (8, t)
The approximation error is defined by the difference between the approximation
and the exact value, i.e.

e(S, 1) = 0(S,t)— (S, t)
and by the correspondence law (9), we can write e(S,f) as
e(S,1) = (S, 0) = O(V(S, 1), 1). (21)

Theorem 3.1 shows the order of magnitude of the approximation error. To prove this
theorem intermediate results are needed and they are shown in Appendix B

Theorem 3.1. If there exists a constant a, such that for any constant M,

VS, (V,T)—a)->0 as V—>oo,} (22)
VS (V,T)—a)l < M,
and if also
[max(V(S,t),8)]/min(V(S,t),8) < kVS =S,
then the error term e(S,t) has the property
e(S,t)>0 as S-—>o0.
Proof. From expression (21), for the approximation error we can write
1 ~
e(S,t) = (S=V(S, t))J OV (S) +A(S=V(S)), t]dA. (23)
0

Consider a sequence 8™ which tends to + o0 as n—00. We note from proposition B.2
that for any A,

§V[V(S”) + A8 —=V(S™), t] X [V(S*)+ A(S*—V(S*"))] >0 as n—>0
and is bounded. Moreover, since we may assume that S* > S, then

| 8" =V(S™)]
V(8™ + A(S™ — V(S™))]

< k.

Phil. Trans. R. Soc. Lond. A (1994)
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We can then apply Lebesgue’s theorem in the integral (23), giving the conclusion
that
e(S", 1) > 0. O

In fact the error tends to O very fast, as we shall illustrate in the next section.

4. Equity volatility for a firm financed with equity and debt

Consider a firm whose assets, V, are financed by equity, S, and zero-coupon debt,
D. The face value of debt is # and it will mature at time 7". Following Black & Scholes
(1973), Merton (1973) and Galai & Masulis (1976), we can consider the value of equity
as a European call option on the assets of the firm, with terminal value at maturity
T of debt, S(V,T) = (V—-F)*.

Denote by D(S,t) the value of debt at any time ¢,¢t<7. Hence, by the

correspondence law (9), -
DV, t)y = D(S(V,1),¢).
At time 7' we have

DV, T) = min (V,F) = V-8V, T)
and, of course, the following balance sheet identity holds.
V=8V, T)+D(V,T).
The value of stock, S(V,t), is given by the Black—Scholes formula
S(V,ty=BS(V,¢t|F,T,&,r),

where (keeping notations simple by omitting the parameters ¥, 7, & and r on which
BSM is conditional),

BS(V,t) = VN(d,)—F e N(d,), l
d,=d,(V)= 6__\1/T<log lg)—i_ (r+%&2)fr),
(24)
dy, = dy(V) = E;T(log (17)+(r—%6"2)'r),
T="T-—t, ]

and where N() denotes the cumulative standard normal distribution. The
Black—Scholes formula is the solution of (3) given the boundary condition S(V,T) =
(V—F)*. The derivative of the Black—Scholes formula with respect to the underlying

variable V is
BSy,(V,t) = N(d,) =0, (25)

so that S(V, ) is strictly monotonic in V for all ¢ < 7. Hence the function V(S, ¢) is well
defined for ¢ < 7. Note that at maturity 7, if V > F, then S > 0,

VS, T)y=8+F, and S,(V,T)=1,.p, (26)

where [,on4ition 18 an indicator function which is equal to one when the condition is
satisfied, and O otherwise. Using formula (41) in Appendix B we get

G,V t) __ L 1 " xrex —lx—z dx
VYT (2ar) 160 oy A P\ 72752) %"

Phil. Trans. R. Soc. Lond. A (1994)
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Hence,
] 1 1 2
OuV,1) = o exp [ =V,

and by using (24) it is also equal to

~ F —rT
DAV = Texp [ =4, () 1)

We then see that condition (44) in Appendix B holds, and as a consequence the
approximation error e(S, ) tends to zero as § becomes large. In fact, we can derive
an explicit expression for the error so that we can assess precisely the error for any
value of S. Note that we can write (27) as

- d
Ou(V.0) = GF & [N(@y(D)))

Hence

0(.) = GF " N(dy(8)), (28)
and from (18) the volatility functions (S, t) will be approximated by

a*(S, 1) = &(1 +§e"’N(d2(S))). (29)

The approximation error is
e(S,t) = 0(S,t)—O(V(S,1),t) = &F e {N(d,(S)) —N[dyo(V(S, )]} (30)

To assess the magnitude of ¢(S,¢) we need bounds on V(S, t). From Black—Scholes’
boundary conditions, we have

S<V(S,t)<S+Fe™. (31)
Hence, from (30) we can derive the bounds for the approximation error
> eS8, 1) = —6F e [N(dy(S+F 7)) — N(d,(S))].
ForS>F exp[-(r—% %) 7], we have d,(S) > 0, and we obtain
0= e(S,t) = —[oF e[/ (2m)]exp [ —3(dy(8))?] [do(S+F e77) —d,y(S)]

and, finally,

0 > e(S,t) = —[F e7"/+/(2n7)] exp [ —3(dy(5))*] log [1+ (F 7"7/S)], (32)
which corresponds to an extremely small error. It is smaller than any polynomial

function of 1/8.

This research was partly supported by the HEC Foundation and the Krueger Center for Finance
at the Jerusalem School of Business.

Appendix A. Proof of Proposition 3.1

First, we prove that o(S, ¢) is solution of (11). Let us define y/(S,t) = log V(S,¢). It
then follows from the equity volatility function (7) that

o(S,t) = 7/8ys. (33)
Phil. Trans. R. Soc. Lond. A (1994)
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From (10) and the definition of (S, ¢) it follows that
=Y =380 (Yss+Ys) —rSYs+r=0. (34)

But from (33) Y =G/80, Yes=—a(o+Sog) /S,

By substituting these expressions in equation (34), and rearranging terms we get
Y, = —3[(F)2—Go—aSog]+r—(rd/o).
Differentiating this last expression with respect to § yields
Yis = 3005 +30(05+80g5) + (rTog/o?).
But also from (33) the partial differential of i is
Vg =—00,/So*.

Equating these two expressions for ¥, and ¥, and rearranging terms, we finally
obtain (11).

We now turn to the proof that ¢(V,t) is solution of (12) by following the same line
of reasoning as for o(S, t). Define ¢(V, ¢) = log S(V,t) and it then follows from (8) that

a(V,t) =aVe,. (35)
From (3) and the definition of ¢(V,#) it can be seen that
— =30V (Pyy + B5) —rVey +1r = 0. (36)

But from (35) it follows that
by =36/aV, $yy = (1/F)[(6/V)—(5/V?)].

If we substitute these expressions in (36), after simplifications, we obtain
¢, = —30VG, +306—36%— (ré/a)+r.
Differentiating this expression with respect to V yields
P = —30V6yy— (r+60)6y/7.
But, on the other hand, from (35)
Py = G,/TV. O
Equating these two expressions for ¢, yields (12).

Appendix B

In what follows we derive intermediate results supporting Theorem 3.1, which
helps in assessing the order of magnitude of the approximation error. In Proposition
B.1 we derive an explicit formula for §(V,¢) as a function of the terminal condition
S(V,T). Then in Proposition B.2 we derive some important convergence properties.
From these results we can prove that the approximation error tends to zero when S
becomes large.

Lemma B.1. The solution of the Black—Scholes rpr (3) is

. + 00 1 2
S(V,t) = %ﬁ%j_w exp(—%%)swexp[(r—%a% rlexpz, T)dz,  (37)

where T = T —t.

Phil. Trans. R. Soc. Lond. A (1994)
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The proof follows by directly checking that the function S(V,¢), as defined
explicitly by (37), is the solution of (3), and takes the value S(V,T') at time 7T'. Note
also that by differentiating (37) with respect to V we obtain

1 -+ 00
StV f)y = v<2m>ﬁf_w eXp{_

Py (x— 1'6'2)2] Sy (Vexp[(r—id?) r]expz, T dz.

(38)

Then we can derive the following result.

Proposition B.1.

~ — +o0 2
oV, t) = Mf_ (%—l) exp(—%%)S(Vexp [(r—i7%) 1]expe, T dz.

v/ (27r7)
(39)
Proof. From (38) we obtain
VS, (V,t) = V———l——ex (—ic?7) +Ooex x ex _Lat
= @ary e P TR T | CXPEEXPL T
xSy (Vexp[(r—id®) r]expx, T)dx,
which can be rewritten as
exp(—rr) [t® 1 22\d _
S, =— 7 A —152
VS, \/(2717)61_00 exp( 9750 de(Vexp [(r—36%) 1]expx, T)dx.
Integrating by parts, we get
Y ol Y D i
VS, = V(@) Vﬁf_w 7_(Tzexp 9757 S(Vexp[(r—352) 1]expx, T) dx,
which yields (39), recalling the definitions (13) for o, t) and (8) for o. O

By differentiating (39) we obtain

I P U Gk N R SO ) _la®
OV, 0) = vV (277) VTEZJ_OO (7’0‘2 1= )exp 2762
xS(Vexp[(r—ic?) r]expx, T)dx. (40)

An alternative formula for the derivative 5V(V, t) is

~ 1 L[t 1 2? _
0,(V,t) = zexp| —5—; S,(Vexp[io®+r]r)expa, T)dx. (41)

V(2rT) 160 )

Formula (41) follows by differentiating the alternative specification for 6(V,#),
namely

N _ 1=2 00 2
0(V,t)=eXp[ (r+162) 7] xexp(_x)exp(_%i)

vV (27T) 752 o T2

xS(Vexp[Ea2+r)rlexpa, T)dx, (42)

which stems from (39) after we operate the change of variable x—x+762 in the
integral. We can now derive convergence properties that are useful in the derivation
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540 A. Bensoussan, M. Crouhy and D. Galas

of Theorem 3.1, where we show that the approximation error tends to zero when S
becomes large.

Proposition B. 2. Suppose there exists a constant a, such that for any constant M,
V(Sy(V,T)—a)—-0 as V-o0,

(43)
V(Sy(V,T)—a) <M.
Then, for a convenient function of time K(t)
VéV(V, t)—>0 as Vo0, m

[V6,(V, ) < K(t),V V.

Proof. Using (41) and the fact that we can add any constant a in the integral
without changing its value

. +00 1 xz
(lndeed J_Oo xexp (—5%) dx = O),

+00 2
J xexp (—%%) ViSy(Vexp[(Go®+r)r]expa, T)—a} d.

we can write

1 1

Take a sequence V" 00 as n—o0, then for any fixed w, it follows from assumptions
(43) that
VS, (V" exp [(30%+7) T]expa, T)—a} — 0.

The integrand is in modulus majorized by the fixed integral function
K(t) | exp (—2) exp [ —3(?/76%)],

where K(t) = Mexp[—(A72+7)7]. Hence, (44) follows simply from Lebesgue’s
theorem. The boundedness property is an immediate consequence of the second of
assumptions (43). O
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Discussion

A. D. WiLkik (Watsons, Reigate, U.K.). A system in which the share price is known
was described, presumably the price for the debt is not known, and the value of the
company is not known. It does not seem possible to rely on arbitrage arguments
between the price of the share and the value of the company. You concentrate on the
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relations between the standard deviations. But does your argument also not apply to
the mean rate of growth of the value of the company ? If arbitrage is possible, then
the mean rate of growth of the underlying security does not enter the formula for the
valuation of an option, and the argument of using an equivalent martingale measure
leads one to using the risk free rate. But in this case don’t you have to value the share
according to the underlying rate of growth of the company, and not at the risk free
rate?

M. CrounyY. In our model there is only one source of exogenous uncertainty which is
the value of the firm’s assets. It drives the dynamics of all the financial claims issued
by the firm whether they are equity, debt, convertible bonds or warrants. This source
of risk is hedgeable, and therefore it is perfectly legitimate to use the risk neutral
valuation framework. In fact by assuming in equation (1), which specifies the
stochastic process followed by the assets of the firm, that the drift term is the risk
free interest rate, we are already working with the risk-neutral probability measure,
. Under @, dz is a brownian motion and discounted security prices are @-
martingales.

M. A. H. DEmPSTER (University of Essex, U.K.). It would be interesting to explore the
implications of replacing the assumption of a deterministic functional relation S(¢) =
S(V(¢),t), between a realized asset value V of the firm and the corresponding stock
price S, by the stochastic differential equation

dS = f(V(),t)+dw,

where W is an independent Wiener process representing ideosyncratic random effects
on the firm’s asset value not known to — and hence not valued by — the market. This
would make the valuation problems treated partly observed control problems.
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